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Abstract—An efficient and accurate hybrid method, based on
the combination of the method of moments (MoM) with a special
Green’s function in the space domain is presented to analyze an-
tennas and array elements conformal to electrically large mate-
rial coated circular cylinders. The efficiency and accuracy of the
method depend strongly on the computation of the Green’s func-
tion, which is the kernel of the integral equation that is solved via
MoM for the unknown equivalent currents representing only the
antenna elements. Three types of space-domain Green’s function
representations are used, each accurate and computationally effi-
cient in a given region of space. Consequently, a computationally
optimized analysis tool for conformal microstrip antennas is ob-
tained. Input impedance of various microstrip antennas and mu-
tual coupling between two identical antennas are calculated and
compared with published results to assess the accuracy of this hy-
brid method.
Index Terms—Coated cylinders, Green’s function, input
impedance, method of moments, mutual coupling.
I. INTRODUCTION
THERE have been major advances in the area of computer-aided design (CAD) technology directed toward the de-
velopment of efficient and accurate numerical methods for the
design and analysis of microstrip antennas and arrays. Although
there are many practical applications that require the use of an-
tennas that conform to their supporting surfaces, most work
on microstrip elements has been for planar structures. There
are some techniques that can be used for the analysis of con-
formal arrays; however, they are usually restricted to small ar-
rays mounted on electrically small cylinders. This necessitates
the development of efficient analytical and numerical tools for
this class of antennas conformal to electrically large, cylindri-
cally shaped substrates.
Several techniques to design/analyze cylindrical microstrip
antennas and arrays have been reported for a number of appli-
cations [1]–[10]. Among them, cavity-model analysis [2], [3]
and generalized transmission-line model (GTLM) theory [8],
[9] are fairly simple and accurate models but not suitable for
many structures, in particular, if the thickness of the substrate
is not very thin [10]. On the other hand, full-wave solutions
[4]–[7] are more accurate and applicable to many structures. The
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full-wave analysis of microstrip antennas and arrays on coated
circular cylinders has been mainly performed using a method
of moments (MoM)/Green’s function technique in the spectral
domain where the traditional eigenfunction series representa-
tion of the Green’s function is used as the kernel of the inte-
gral equation [4]–[6]. However, due to the computational com-
plexity of the solution, which involves a series summation in
terms of Bessel and Hankel functions and a Fourier integral,
most of the numerical results have been given for microstrip
antennas mounted on circular cylinders with electrically small
radii. Furthermore, the spectral-domain representation of the
Green’s function has serious convergence problems for electri-
cally large separations between source and observation points
on electrically large cylinders. This makes the analysis of mu-
tual coupling between microstrip antennas intractable, in partic-
ular, at high frequencies. Carefully chosen basis functions for
the expansion of the patch surface currents can alleviate this
problem only to an extent. A few asymptotic representations for
the dyadic Green’s function of impedance and dielectric coated
circular conducting cylinders have been presented to overcome
this difficulty [11]–[15]. However, an asymptotic Green’s func-
tion must be accurate for arbitrary source and observation loca-
tions if it is to be used in an MoM-based solution. As shown
here, more than one asymptotic Green’s function representa-
tion may be required for an efficient and accurate analysis of
microstrip antennas/arrays mounted on electrically large mate-
rial-coated circular cylinders. Purely numerical techniques such
as the finite-element as well as the finite-difference time-domain
[16] techniques are becoming popular and have also been used
for the analysis of conformal antennas. Although purely numer-
ical techniques can handle arbitrary geometries, they are not ef-
ficient when the structures become electrically large.
In this paper, we present a highly efficient and accurate hybrid
method to design/analyze microstrip antennas and arrays con-
formal to electrically large material coated circular cylinders.
This hybrid method is based on the combination of the MoM
with a special Green’s function in the space domain. To obtain a
high degree of accuracy, three different space-domain represen-
tations are used for this special Green’s function, each chosen
on the basis of its computational efficiency and the region where
it remains accurate. Consequently, a computationally optimized
design/analysis tool for conformal microstrip antennas and ar-
rays is obtained. In Section II, development of the integral equa-
tion and expressions for three different space-domain represen-
tations are given along with the MoM solution. In Section III,
numerical results involving the mutual impedance between two
0018-926X/03$17.00 © 2003 IEEE
740 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 51, NO. 4, APRIL 2003
(a) (b)
(c)
Fig. 1. Geometry for (a) input impedance and (b) mutual coupling calculations. (c) Definitions of two-port voltages and currents.
current modes, input impedance of various microstrip antennas,
and mutual coupling between two identical microstrip antennas
are calculated and compared with published results to assess the
accuracy of this hybrid method. An time dependence is as-
sumed and suppressed throughout this paper.
II. FORMULATION
Fig.1 (a) depicts a probe-fed rectangular microstrip antenna,
which will be used to perform the input impedance calculations.
Fig.1 (b) illustrates two probe-fed rectangular microstrip an-
tennas used to perform the mutual impedance calculations. In
both cases, the antennas are fed at the feed locations ( , )
and are mounted on the outer surface of a cylindrically shaped
dielectric substrate with an inner radius , outer radius , thick-
ness , and relative permittivity . The substrate
is backed by a perfectly conducting, cylindrically shaped ground
plane. Both the ground plane and cylinder are assumed to be in-
finite in the -direction.
A. Development of Integral Equation and Green’s Function
Using the Schelkunoff’s surface equivalence principle [17],
an equivalent problem is obtained where the conducting patches
are replaced by equivalent induced currents that are unknown
and are to be obtained via MoM. The total electric field on the
surface of the substrate can be written as
(1)
where is the field generated by a known probe current
density in the presence of a dielectric coated perfect
electric conducting (PEC) circular cylinder and is given by
(2)
Similarly, is the scattered field and is given by
(3)
where is the unknown induced surface current to be de-
termined.
The electric field integral equation (EFIE) is a statement of
the boundary condition that the total electric field (1) tangential
to the surface covered by the metallic microstrip patch should
vanish such that
on (4)
Then
(5)
This is the EFIE to be solved via MoM for the unknown
currents . The kernel of this integral equation is the
coated cylinder’s Green’s function denoted by , where
the primed coordinates represent the source location and
the unprimed coordinates represent the observation point.
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This Green’s function is efficiently calculated for arbitrary
source and observation locations using three different types
of space-domain representations, each valid and accurate in a
different region of space.
The first one is a steepest descent path (SDP) representation
of the dyadic Green’s function [14]. It is based on a circumfer-
entially propagating ( -propagating) series representation of the
appropriate Green’s function and its efficient numerical evalua-
tion along an SDP on which the integrand decays most rapidly.
Using this representation, the surface field component in the
-direction at excited by a -directed source (again at
) is written as [14]
(6)
with
(7)
where is the arc length of the geodesic path on the surface of
the coating from the source to the observation locations, is the
angle between the ray path and the circumferential axis, are
the roots of the Hermite polynomials, and are the appropriate
weights (Gauss–Hermite quadrature) whose values can be found
in [18]. The parameter , where is
the transverse propagation constant in free-space and is the
free-space wave number. The definition of the contour
and the explicit expressions for are given in [14]. This
representation is valid away from the paraxial (near axial) region
and cannot be used for the self-impedance calculations.
The second representation is the paraxial space-domain rep-
resentation of the dyadic Green’s function [15], [19], which
complements the SDP representation along the paraxial region.
In this formulation, the -propagating series representation of
the Green’s function is periodic in one of its variables and hence
can be approximated by a Fourier series (FS), where the co-
efficients of this series expansion can be easily obtained by a
simple numerical integration algorithm. Based on numerical ex-
perimentation, it appears that only the two leading terms of the
expansion are necessary in most cases. Furthermore, the accu-
racy of the Green’s function as well as the ease of its evaluation
are determined by the type of algorithm used to calculate the
FS coefficients. Using this representation, the surface fields are
given by
(8)
(9)
(10)
where , , , , , , , and
are explicitly given in [15] and [19]. This representation is valid
along the paraxial region but is not accurate away from the
paraxial region and cannot be used for the self-impedance eval-
uations. It should be noted that (8)–(10) contain partial deriva-
tives with respect to the coordinates (i.e., with respect to and
). These derivatives can be transferred to the basis
and testing functions using integration by parts.
Finally, when the distance between the source and obser-
vation points is small, the Green’s function for the cylinder is
approximated by the Green’s function of a cylinder with an in-
finite radius (planar approximation). This approximation is ac-
curate for large cylinders because the surface can be considered
to be locally flat when is small. Therefore, a highly efficient
integral representation of the planar microstrip dyadic Green’s
function derived by Barkeshli et al. [20] is used.
It should be mentioned at this point that these different
space-domain representations of the dyadic Green’s function
are more efficient than the standard spectral-domain Green’s
function representation. In particular, as the electrical size
(radius) of the cylinder gets larger, the difference in the elapsed
time for the evaluation of each representation strongly favors
the space-domain representations. Some examples are given in
the numerical results section to illustrate this point.
B. Method of Moments Solution
The conventional MoM procedure starts with an expansion of
in terms of a finite set of subsectional basis functions
(11)
where
on the patch
on the patch (12)
with , being the unknowns to be computed and
only if (13)
The basis functions are selected to be piecewise sinusoidal
along the direction of the current and constant in the direction
perpendicular to the current. Substituting (12) and (11) into (5),
one obtains a single vector equation with unknowns. Testing
this equation by the same set of basis functions (testing func-
tions), which was used in the expansion of the patch current
(Galerkin method) and denoted by ,
the following matrix equation is obtained:
(14)
where
(15)
(16)
(17)
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Fig. 2. Mutual impedance (Z ) between two identical z-directed current modes for a coated cylinder with a = 3 , t = 0:06 ,  = 3:25.
where , , and stands for the transpose op-
eration. This matrix equation can be solved using direct so-
lution methods such as Gaussian elimination, LU-decomposi-
tion, or iterative schemes like the conjugate gradient method, in-
cluding various recently developed acceleration schemes. Once
the matrix equation is solved, the induced current can be re-
constructed via (11). The calculation of the matrix elements
implies that the Green’s function has to be evaluated for
arbitrary source and observation points. This requires the de-
velopment of an algorithm to switch among the three repre-
sentations of the Green’s function. It turns out that the param-
eter (evaluated at the saddle point) can be used to de-
termine the switching boundary between the SDP and paraxial
representations. For and ( is the
free-space wavelength), the SDP representation can be used. For
and , the paraxial representation yields
accurate results. Finally, for , which is necessary for
the calculation of the self-impedance as well as the coupling be-
tween the adjacent basis functions, the Green’s function for the
cylinder is approximated by the Green’s function of a cylinder
of infinite radius (planar approximation).
III. NUMERICAL RESULTS AND DISCUSSIONS
The first set of numerical results will illustrate the mutual
impedance between two current modes as defined in (15). Re-
sults will be given as a function of for various separations
between the source and observation points. Note that (15) can
be rewritten in a simpler form, namely
(18)
where is the field due to source and is the area occu-
pied by the source . These results are presented to assess the
accuracy of the switching algorithm (between SDP and paraxial
representations) introduced above. In Fig. 2, the calculated mu-
tual impedance between two identical -directed current modes
is shown where the SDP and the paraxial representations are
combined and the result is compared with the eigenfunction so-
lution for a cylinder with , , and .
As seen from the figure, the SDP and the paraxial representa-
tions complement each other and yield good agreement with the
eigenfunction solution. As expected, the coupling is stronger
at and weaker at . Note also that the results
approach the planar case as becomes smaller. A similar re-
sult is illustrated in Fig. 3 for the mutual impedance between -
and -directed current modes for the same cylinder. The reason
the coupling is weak at , is because the crosspolar
component of the surface field exhibits a 2 type pattern,
which is similar to the planar case as shown in [21]. Finally,
the calculated mutual impedance between two -directed cur-
rent modes mounted on the same cylinder is compared with the
eigenfunction solution in Fig. 4. In Figs. 2–4, the computation
of the SDP representation is approximately ten times faster than
the standard spectral-domain Green’s function representation,
whereas the paraxial representation is approximately five times
faster than the standard spectral-domain Green’s function rep-
resentation.
The next set of numerical results that will be presented are
MoM-based results where the input impedance of a probe-fed
microstrip antenna and the mutual coupling between two iden-
tical microstrip patches on a large coated circular cylinder are
calculated.
Let us first consider the two antenna configuration in
Fig.1 (b). The antennas are fed at the feed locations ( , ),
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Fig. 3. Mutual impedance (Z ) between  and z-directed current modes for a coated cylinder with a = 3 , t = 0:06 ,  = 3:25.
Fig. 4. Mutual impedance (Z ) between two -directed current modes for a coated cylinder with a = 3 , t = 0:06 ,  = 3:25.
where denotes the first port and denotes the second
one. Based on the two-port configuration of Fig.1 (c), we can
write
(19)
(20)
where
(21)
744 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 51, NO. 4, APRIL 2003
Fig. 5. Input impedance versus frequency for a patch fed via a probe with the following parameters: a = 20 cm,  = 2:32, t = 0:795 mm, L = 3 cm,
W = 4 cm, and (z ; rl ) = (0:5 cm; 2 cm).
is the input impedance of element one, with element two
open-circuited (the superscript stands for port), and can be
written as [22]
(22)
where is the total electric field at port one (with port two
open) due to the impressed current density at port one with
a terminal current . The use of (3) then gives
(23)
where are the expansion mode coefficients found from (14)
and are the induced voltages at port one due to the current
modes in both patches. A similar expression can be used to
calculate .
The mutual impedance between ports one and two can
be written as [22]
(24)
where is the total electric field, at port two, induced by
the impressed current at port one (with port two open) and
is an impressed current source at port two. Note that both
impressed sources have terminal currents . Using (3)
yields
(25)
where are the induced voltages at port two due to the cur-
rents in both patches. It should be kept in mind that
as a result of the reciprocity theorem. Furthermore, the input
impedance for the single antenna depicted in Fig.1 (a) can still
be calculated using the expression given by (23); however, the
second antenna is removed and not included in the solution of
the integral equation. This also implies that 2 becomes in
(23). Note that the two-port parameters introduced above
should not be confused with (18)
The first numerical example is given for a single rectangular
microstrip patch mounted on a dielectric coated circular
cylinder with cm, , mm. The
length of the patch is 3 cm, and the width of the patch
is 4 cm. The antenna is excited with a TM mode. Fig. 5
shows the input impedance (real and imaginary part) of this
cylindrical-rectangular antenna versus frequency where the
proposed space-domain MoM result is compared with the result
given in [23], which is obtained using the GTLM and with an
MoM solution based on a standard spectral-domain Green’s
function [24]. To compare the space-domain MoM solution
with the results given in [23] and [24], the antenna is fed via a
probe at the feed location ( , cm, cm), as seen
in Fig. 5, and the self-inductance of the probe is accounted
by adding to the input impedance [ ,
where is given by (23)], as explained in [22], where
(26)
and is the characteristic impedance of the feeding coaxial
cable (assumed to be 50 here). This is a reasonable approxi-
mation for a large cylinder where the thickness of the substrate
is thin. The agreement between the space- and spectral-domain
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Fig. 6. Input impedance versus frequency for the patch fed via a probe with the following properties: a = 20 cm,  = 2:32, t = 0:795 mm, L = 3 cm,
W = 4 cm, and (z ; rl ) = (0:95 cm; 2 cm).
Fig. 7. Mutual coupling coefficient S for the E plane coupling case at 3215 MHz. The antenna parameters are the same as given in Fig. 5.
results is very good. On the other hand, although the overall
agreement is good between the full-wave solutions (space- and
spectral-domain MoM solutions) and the GTLM, there is a small
frequency shift (less than 1.65%). It should be kept in mind that
the GTLM is an approximate method and some errors are to be
expected.
To carry out mutual coupling calculations between two mi-
crostrip antennas, it is first necessary to find a feed location that
yields an input impedance of 50 . If we use the same antenna
as in Fig. 5, it turns out that placing the probe at
results in a 50- input impedance at the reso-
nance frequency MHz, as depicted in Fig. 6. Mutual
coupling results can now be obtained for two antennas mounted
on the same cylinder and identical to the antenna in Fig. 6. The
E plane and H plane mutual coupling coefficients versus the
edge-to-edge spacing between them are presented in Figs. 7
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Fig. 8. Mutual coupling coefficient S for the H plane coupling case at 3215 MHz. The antenna parameters are the same as given in Fig. 5.
Fig. 9. Input impedance versus frequency for the patch fed via a probe. The antenna parameters are a = 40 cm,  = 2:98, t = 0:762 mm, L = 6 cm,
W = 4 cm.
and 8, respectively. In Figs. 7 and 8, the edge-to-edge spacing
is normalized with respect to the free-space wavelength . The
operating frequency is 3215 MHz. Note that the mutual cou-
pling coefficient can be calculated from [9]
(27)
In all these results related to this example, each basis func-
tion has the approximate dimensions of 0.15 by 0.075 at the
highest frequency simulated. As a result, the number of basis
functions is 12 [six basis functions along the -direction
and six basis functions along the -direction ]
for the single antenna case and for the two-antenna
case.
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Fig. 10. Mutual coupling coefficient S for the E plane coupling case at 1.45 GHz. The antenna parameters are the same as given in Fig. 9.
Fig. 11. Mutual coupling coefficient S for the H plane coupling case at 1.45 GHz. The antenna parameters are the same as given in Fig. 9.
As a second numerical example, the mutual coupling
coefficients versus the edge-to-edge spacing between two
identical patches are calculated with the current method and
compared with the measured results given in [9] for a cylinder
with the following parameters: cm, , and
mm. The dimensions of the patches are cm,
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cm, yielding a resonance at 1.45 GHz where the TM
mode is excited. As in the previous example, the feed position
is first adjusted until one obtains a 50- input impedance for
each isolated patch. The input impedance (real and imaginary
parts) versus frequency of this antenna at the 50- feed location
cm cm is given in Fig. 9. The mutual
coupling (versus distance) between these two identical antennas
is calculated in the E plane and H plane as shown in Figs. 10
and 11, respectively.
Keeping in mind that the dominant currents for the microstrip
antennas considered here are in the direction of the axis of the
cylinder, the surface waves excited within the dielectric layer
are stronger along the axis. They also have a slower rate of
decay than the space waves, which are the dominant contributors
along the H plane. Consequently, the rate of decay of the H
plane coupling versus distance is larger than the corresponding
E plane case. A similar phenomenon is also observed in the
planar case [22].
In the above example, each basis function has the approxi-
mate dimensions of 0.1 by 0.05 at the highest frequency sim-
ulated. Consequently, the number of basis functions for a single
patch is 38 [20 basis functions along the -direction
and 18 basis functions along the -direction ]. There-
fore, for Fig. 9, whereas for Figs. 10 and 11.
In both cases, the agreement between measured and calculated
results is very good. These results verify the accuracy of the so-
lutions developed in this paper
IV. CONCLUSION
An efficient and accurate hybrid method based on the combi-
nation of the MoM with a special Green’s function in the space
domain is presented to analyze antennas and array elements con-
formal to material-coated electrically large circular cylinders.
The efficiency and accuracy of the method are strongly depen-
dent on the computation of the Green’s function, which is the
kernel of the EFIE integral equation. The well-known MoM is
used to solve the integral equation to obtain the equivalent sur-
face currents induced on the microstrip patches. The Green’s
function has to be valid for arbitrary source and observation
point locations to calculate the MoM impedance matrix. There-
fore, three types of space-domain Green’s function represen-
tations are used, where each representation is computationally
efficient and highly accurate in a given region of space. Fortu-
nately, the three regions overlap with each other and make the
switch from one representation to another smooth. The SDP and
paraxial representations are used for separations between source
and observation points larger than 0.2 . For separations less
than 0.2 , one can assume for electrically large cylinders that
the region is locally flat. Thus, a planar microstrip Green’s func-
tion is used to calculate the diagonal as well as near-the-diagonal
elements of the impedance matrix. These switching points may
have to be slightly adjusted, depending on the degree of accu-
racy that is required.
The input impedance of various microstrip antennas and mu-
tual coupling between two identical antennas have been calcu-
lated and compared with published results to assess the accuracy
of this hybrid method. The accuracy of the results was shown to
be excellent, thus validating the analysis provided in this paper.
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